A simply connected region Ω in the complex plane C with smooth boundary <9Ω is called A>convex (k > 0) if k(z 9 dΩ) > k for all z £ Ω, where k(z,dΩ) denotes the euclidean curvature of dΩ at the point z. A different definition is used when dΩ is not smooth. We present a study of the hyperbolic geometry of /c-convex regions. In particular, we obtain sharp lower bounds for the density A Ω of the hyperbolic metric and sharp information about the euclidean curvature and center of curvature for a hyperbolic geodesic in a /c-convex region. We give applications of these geometric results to the family K(k, a) of all conformal mappings / of the unit disk D onto a /c-convex region and normalized by /(0) = 0 and /'(0) = a > 0. These include precise distortion and covering theorems (the Bloch-Landau constant and the Koebe set) for the family K(k,a).
Introduction.
We study the hyperbolic geometry of certain types of convex regions called /c-convex regions. It should be emphasized that our approach is geometric rather than analytic. Our work is a continuation of that of Minda ([11], [12] , [13] , [14] ). The paper [11] deals with the hyperbolic geometry of euclidean convex regions, while [12] treats the hyperbolic geometry of spherically convex regions. A reflection principle for the hyperbolic metric was established in [13] ; this reflection principle leads to a criterion for hyperbolic convexity that was employed in [14] to give a more penetrating analysis of certain aspects of the hyperbolic geometry of both euclidean and spherically convex regions.
Roughly speaking, a region Ω in the complex plane C is /c-convex (k > 0), provided k(z 9 dΩ) > k for all z e dΩ. Here k(z 9 dΩ) denotes the euclidean curvature of dΩ at the point z. Of course, this only makes sense if dΩ is a closed Jordan curve of class C 2 . This condition is actually sufficient for a region to be /c-convex, but not necessary. Precisely, a region Ω is (euclidean) /c-convex if \a -b\ < 2/k for any pair of distinct points <z, b e Ω and the intersection of the two closed disks of radii l//c that have a and b on their boundary lies in Ω. For example, an open disk of radius l//c is /c-convex as is the intersection of finitely many such disks. Thus, for a region to be /c-convex it must possess a certain degree of roundness.
In his Ph.D. dissertation Mejia [10] investigated the hyperbolic geometry of k-convex regions. Actually, he did even more; he also studied the hyperbolic geometry of /c-convex regions Ω when Ω c P (P denotes the Riemann sphere) is k-convex relative to spherical geometry or when Ω c D (D is the open unit disk) is /c-convex relative to hyperbolic geometry on D. Independently, Flinn and Osgood [3] introduced the notion of hyperbolic /c-convexity for a region Ω c D and studied some of its properties in the special cases k = 1,2. In subsequent work we will treat the hyperbolic geometry of both spherically /c-convex and hyperbolically /c-convex regions. Most of the results of this paper extend to spherically /c-convex regions by using the same methods of proof, but for hyperbolically /c-convex regions some new tools are needed, especially in case 0 < k < 2. Now, we outline the basic results of the paper. In §2 we present a discussion of a few elementary euclidean geometrical properties of /cconvex regions that are crucial to our study of the hyperbolic geometry of such regions. In § §3 and 5 we give two different sharp lower bounds for the density /l Ω (z) of the hyperbolic metric of a /c-convex region Ω in terms of the geometrical quantity SQ(Z), the distance from z to <9Ω. In §4 we show that one of these lower bounds, namely, λςι(z) > l/δςι(z) [2 -kδςι(z) ] > 0, actually characterizes /c-convex regions. As consequences of these lower bounds, we obtain various results for the family K(k, a) of all holomorphic functions / such that / is univalent in D, normalized by /(0) = 0 and /'(0) = a > 0 and /(D) is /c-convex. In particular, we establish a sharp distortion theorem for \f'{z)\ and determine the Bloch-Landau constant for the family K (k,a) . The reflection principle for the hyperbolic metric is used to establish a criterion for hyperbolic convexity in /c-convex regions in §6; this result is best possible for an open disk of radius l//c. Several applications of this criterion are given in § §7 and 8. We obtain sharp information about the euclidean curvature and center of curvature of a hyperbolic geodesic in a /c-convex region Ω. The center of curvature must always lie in C\Ω, and a sharp lower bound is given for the distance from it to Ω. This leads to both a sharp upper bound on the modulus of the second coefficient of a function in K(k, α), together with all extremal functions, and an analytic characterization of the family K(k,a). For k = 0 and a = 1 all of these results for K(k, a) become well-known facts for the family K of normalized convex univalent functions.
The family K(k,a) is a special instance of the family CV{R\,R 2 ), 0 < R\ < Z?2> of convex functions of bounded type that was introduced and studied by Goodman ([4], [5] , [6] ). Roughly speaking, a normalized conformal mapping of D onto a region Ω belongs to CV(R\,R 2 ) if l/R 2 < k(z,dΩ) < l/Rι for all z e dΩ. Our family K(k, 1), with k < 1, corresponds to Goodman's class CV(l/k,oo) .
Some of our results for the family K(k, α), such as the determination of the Koebe domain, follow from Goodman's work. On the other hand, we determine the Bloch-Landau constant, a problem not treated by Goodman, and find the sharp upper bound on the second coefficient. Goodman was the first to consider the problem of determining bounds on the second coefficient and he obtained a first approximation to the sharp bound. In any case, all of our results are obtained as corollaries of theorems dealing with the hyperbolic geometry of fc-convex regions, an approach quite different from that of Goodman who used only elementary methods.
Finally, we recall a few fundamental facts about the hyperbolic metric that we shall use without further comment. For more details the reader should consult ([1], [11], [12] , [13] , [14] ). The density λ D of the hyperbolic metric on D is λo(z) = 1/(1 -\z\ 2 ). If Ω is a region in C such that C\Ω contains at least two points, then there is a holomorphic universal covering projection / of D onto Ω. If Ω is simply connected, then / is a conformal mapping. The density λςi of the hyperbolic metric on Ω is determined from λςι(f{z))\f{z)\ = λo(z). It is independent of the choice of the covering projection. In particular, if
. The hyperbolic metric has constant Gaussian curvature -4, that is, The reader should note that some authors call 2X& the density of the hyperbolic metric; note that 2λςι has Gaussian curvature -1. We shall require two basic properties of the hyperbolic metric. The first is the monotonicity property: If Ω c Δ, then λςι(z) < λ Δ (z) for all z e Ω and equality holds at a point if and only if Ω = Δ. The other is the principle of the hyperbolic metric: If / is holomorphic in D and
and equality holds at a point if and only if / is a covering projection onto Ω. When Ω is simply connected, equality holds if and only if / is a conformal mapping onto Ω.
Geometric properties of A-convex regions.
In this section we introduce a measure of the "roundness" of a convex set called fc-convexity.
DIEGO MEJIA AND DAVID MINDA
We establish a few basic geometric properties of fc-convex regions that will be needed in the remainder of the paper. Most of these results are analogs of known facts for convex regions.
Suppose that k > 0, a, b e C and \a -b\ < 2/k. Then there are two distinct closed disks D\ and D 2 of radius l/k such that α, b e ΘDj (j = 1,2). Let E k [a,b] = D { ΠD 2 . Note that the boundary of E k [a,b] consists of two closed circular arcs Γ\ and Γ2, each of radius l/k and angular length strictly less than π. These arcs have constant euclidean curvature k. We also let E 0 [a,b] = [a,b] , the closed line segment joining a and b, and for \a -b\ = 2/k, E k [a, b] is the closed disk with center (a + b)/2 and radius l/k. Then for 0 < k' < k < 2/\a -b\ we have E k , [a,b] c E k [a,b] . Note that E k [a,b] is foliated by the collection of all arcs of constant absolute euclidean curvature k' that connect a and b and have angular length less than π, where k 1 varies over the interval [0, k] . DEFINITION. Suppose k e [0,oo). A region Ω c C is called kconvex provided \a -b\ < 2/k for any pair of points a,b e Ω and E k [a,b] cΩ.
Observe that 0-convex is the same as convex. Henceforth, we shall employ the term "k-convex" only when k > 0. We will always use "convex" in place of "0-convex". Also, if 0 < k' < k and Ω is kconvex, then Ω is simultaneously Λ:'-convex. In particular, a λ>convex region is always convex and so simply connected. For k > 0 it is elementary to see that an open disk of radius l/k is Λ -convex, but is not /c'-convex for any k' > k. Also, if Ωi,..., Q n are Λ:-convex, then P|Ω 7 is Λ>convex. Finally, if Ωi c Ω2 C is an increasing sequence of λ>convex regions, then |J Ω ; is Λ -convex.
The next result gives an important sufficient condition for a region to be Λ -convex. Later (Corollary 2 to Theorem 8) we shall see that any Λ -convex region can be expressed as the increasing union of regions of the type indicated in the following proposition. Proof. The hypotheses imply that Ω is convex [16, p. 46] . First, we show that if Ί) is any closed disk that is contained in Ω, then the radius of Z) is at most 1/Λ;. Suppose Z) = {z: \z -a\ < r}, where a e Ω, and δ = δςι(a). Then r < δ so it suffices to show δ < l/k.
Suppose that c e <9Ω n {z: \z -a\ = δ}. Since the circle \z -a\ = δ lies inside of or on d Ω and these curves are tangent at c, it follows that k < k{c 9 dΩ) < l/δ [7, pp. 28-30] . _ Next, we show that E k [a,b] is contained in Ω. Consider any pair of distinct points α, b e Ω. Since Ω is convex, [α, b] [a,b] 
It is not difficult to show that the converse also holds, that is, if Ω is /:-convex, then k(z,ΘΩ) > k for all z € 9Ω, provided dΩ is a Consequently, intE k [a,c] [a, c] \{c} n B φ 0.
Proof. Let Γi and Γ2 be the two circular arcs of radius l/k that bound E k [a, c] , then, except for the point c, one of these two arcs lies entirely outside of Zλ Suppose that Γ\ is this arc. Since Γi cannot be tangent to d D at c, it must intersect any disk that is externally tangent to D at c.
c e dΩ and \a -c\ = δςι(a). IfD is the open disk of radius l/k that is tangent to the circle \z -a\ = δςι(a) at c and that contains a in its interior, then ΩcD.
Proof. Let L be the straight line that is tangent to dD at c and let H be the open half-plane determined by L that does not contain α. Then Ω convex implies Ω n H = 0. If Ω\D Φ 0, then there exists a € Ω\D. Because Ω is open, we may even assume a e Ω\D. Note that |α -c| < 2/k since Ω is fc-convex. Now, Proposition 2 implieŝ [Λ,C]\{C} C Ω, while Lemma 0 gives E k [a,c] \{c} Π H Φ 0. These results contradict ΩΠH = 0. Therefore, Ωcΰ.
REMARK. If Ω is convex, α e Ω, c e dΩ, \a-c\ = SQ(S), L is the line tangent to the circle \z-a\ = δςι(a) and H' is the half-plane containing α, then Ωcff and L is a support line for Ω at c. Proposition 3 gives an analog of this for /:-convex regions: ΩcD and the circle dD of radius l/k is a support line of constant euclidean curvature k for Ω at c. PROPOSITION 
Suppose Ω is k-convex. Assume a e C\Ω, c e dΩ and \a-c\ = δςι{a). IfD is the open disk of radius l/k that is tangent to the circle \z -a\ = δa(a) at c and that does not meet the open segment (a,c), then ΩcD.
Proof. Let B = {z: \z -a\ < δ Ω (a)} c C\Ω. Then B and D are externally tangent at c and BnΩ = 0. If Ω\D Φ 0, then there exists a E Ω\D and |α -c| < 2/k since Ω is fc-convex. Lemma 0 implies that E k [a,c] \{c}nB φ 0 and Proposition 2 gives E k [a,c] \{c} c Ω. These facts contradict finΩ = 0.
3. Lower bound for the density of the hyperbolic metric in a A -convex region. We obtain a sharp lower bound for the density of the hyperbolic metric in a ^-convex region. This bound is used to obtain a precise distortion theorem and a covering theorem for the family of conformal mappings of the open unit disk D onto Λ -convex regions. These results are generally refinements of known facts for convex regions [11]. [2 -kδa(z) 
] with equality at a point if and only ifΩ is a disk of radius l/k. Proof First, assume that D is the open disk with center a and radius
Thus, equality holds for all points in the disk D. Next, consider any fc-convex region Ω. Fix a e Ω. Choose c edΩ with \a-c\ = δςι(a). Let D be the disk of radius l/k that is tangent to the circle \z-a\ = δςι(a) ate and contains α in its interior. Proposition 3 gives Ωcΰ. The monotonicity property of the hyperbolic metric yields λςι(α) > A/>(α) with equality if and only if Ω = D. Since δςι(α) = δj)(α), the preceding inequality together with the work in the above paragraph completes the proof.
Equality holds at a point if and only ifΩ is a disk of radius l/k and f is a conformal mapping ofΌ onto Ω.
Proof with equality if and only if Ω is a disk of radius 1 /k. By combining the two preceding inequalities and the necessary and sufficient conditions for equality, we obtain the desired result.
The preceding corollary applied to / e K(k, a) with Ω = /(D) and
a).
Also, a = I/A: if and only if /(z) = az.
is the disk with center y/Y^ak/k and radius l/k. Also, the largest disk contained in f k (D) and centered at the origin has radius a/(l + y/l -αfe). This example was considered by Goodman [4] .
As an easy consequence, we obtain the Koebe domain for the family K(k,a). This result was first obtained by Goodman [4, Theorem 3] . COROLLARY 
Suppose f € K(k,a). Then either the closure of the disk {w: \w\ <
for some θ e R.
Proof. Set Ω = /(D). Then the preceding corollary with z = 0 produces a = |/'(0)| < SQ(0) [2 -kδςι(O) ]. This inequality implies that Ω(O) > α/(l + Λ/1 -otk). Therefore, either δ Ω (0) >a/(l + Λ/1 -otk) or else / is a conformal mapping of D onto a disk of radius l/k that contains the origin and is tangent to {w: \w\ = a /(I + Λ/1 -α/:)}. In the second it is elementary to verify that / must have the form prescribed in the statement of the corollary.
A characterization of convex and /c-convex regions.
We show that the inequality for the density of the hyperbolic metric in Theorem 1 actually characterizes /c-convex regions. But first we establish the analogous result for convex regions; we will need this in our proof of the characterization of £>convex regions. The characterization of convex regions was demonstrated by Hilditch [8] but not published. Here we present a simple proof that is based on a result of Keogh [9] . Proof. We need only establish the sufficiency. The proof is given in a series of steps.
First, we show that δςι(a) < l/k for a e Ω with equality only if Ω is a disk of radius l/k and center a. Finally, we show that Ω must be /c-convex. Suppose Ω were not A>convex. Then the definition of A>convexity implies that either there exist points a,b e Ω with \a -b\ > 2/k or points a,b e Ω with \a -b\ < 2/k but E k [a,b] [a, b] is contained in the closure of Ω. But int E k [a,b] <jL Ω, so we must actually have K < k. Let Γi and Γ2 be the two closed circular arcs of radius \/K that bound Eκ [a> b] . One of these arcs must meet <9Ω, say there is a point c G Γi Π <9Ω. Now select a and β on Γi\{c} so that they are symmetric about the normal line to Γi at c. By performing a euclidean motion, if necessary, we may assume that c = iM 9 [2-kδςι(z) ] for z e Ω. Consequently, Ω must actually be fc-convex. K(k, a) . We establish a sharp constant lower bound for the density of the hyperbolic metric of a A:-convex region in terms of the least upper bound for δ&. This lower bound leads to an easy determination of the Bloch-Landau constant for the family K(k, a) .
The Bloch-Landau constant for the family
We start by introducing a region that plays the central role in this
number R is determined so that the circle through -RJM and R has radius l/k. Let E = E(M) denote the λ -convex region inX E^-R^R].
Note that E contains the disk {z: \z\ < M}, but no larger disk, and is contained in the disk D = {z: \z\ < R}. Also, observe that E(l/k) = D. If 2φ is the acute angle that each of the boundary arcs of E makes with the real axis, then φ = arctan(M/i?). Essentially this region E was employed in [12] except that in this reference the region E was normalized by R = 1. We shall use the results of [12] but for arbitrary R rather than just R = 1; the extension of the results of [12] to arbitrary R is elementary. The region E has the feature that circular arcs in E through ±R have constant hyperbolic distance from the hyperbolic geodesic (-R,R) and from each other. For z e E let y/>(z) denote the hyperbolic distance, relative to Z>, from z to dE. Then the quotient XE/^D can be expressed in terms of y^\ we restate the result here for the general R [12, pp. 133-135].
( P' and equality holds if and only ifze (-R 9 R).
Next, we extend this inequality from E to certain "triangular" kconvex regions that contain {z: \z\ < M}. Let 2Γ = ^(M) denote the family of /c-convex regions that contain {z: \z\ < M} and are bounded by three distinct circular arcs each of radius l/k and having the property that the full circles are tangent to \z\ = M and contain {z: \z\ < M) in their interior. Observe that if Δ e ZΓ y then each of the three circular arcs bounding Δ meets the boundary of the disk D in diametrically opposite points when extended. The following result is essentially Theorem 2 of [12] . LEMMA 
If A e &~, then for z E Δ ' 4φ
Now, we can establish the desired lower bound. 
Equality holds at a point a e Ω if and only if there is a euclidean motion T ofC such that Ω = T(E) and a = Γ(0).
Proof. The proof is an adaptation of that given for the analogous result for spherically convex regions [12, Theorem 3] . Since Ω is bounded, we actually have M = max{£ Ω (z): z e Ω}. Also, M e (0, l/k] since Ω is k-convcx. Take a e Ω with δa(a) = M.
First, suppose that M = l/k. Then Ω is a disk of radius l/k with center a (see the proof of Theorem 1), so Ω = T(E), where T(z) = z + a. Thus, with equality if and only if z = a. This establishes the theorem in the special case that M = l/k. Now, assume that M e (0,1/fc). Because both λ& and <JQ are invariant under euclidean motions, we may assume that a = 0 without loss of generality. Let I = {z: \z\ = M and z e <9Ω}; / is nonempty and closed. A result of Blaschke [2] implies that / cannot be contained in a closed subarc of the circle \z\ = M with angular length strictly less than π. We consider two cases.
The first is when / is contained in a closed subarc of angular length exactly π. Then / contains a pair of diametrically opposite points of the circle \z\ = M. By rotating Ω about the origin, if necessary, we may assume that ±iM e I. Then Proposition 3 permits us to conclude 
COROLLARY (Bloch-Landau constant for K(k,a)). Let f e K(k,a). Then either /(D) contains an open disk of radius strictly larger than M{a), or else f(z) = e~i Θ F(e iΘ z) for some θ eR, where
", λ /M(a)(2 -kM{a)) 4 u ίa F{z) = \ -
is just a rotation of E(M(a)).
Because F e K(k,a) and maps D conformally onto E(M(a)) 9 it follows that /(z) = e~i θ F(e iΘ z) for some θ e R.
Note that ^(ί) -• t as fc -• 0, so for a fixed value of α, M(α) -> απ/4 as k -> 0. Thus, for α = 1 and k -0 we obtain Λf(l) = π/4 which is the Bloch-Landau constant for the family K of normalized convex univalent functions. This result is due to Szegό [17] ; also, see [11].
6. Hyperbolic convexity in k-convex regions. Minda [13] proved that if Ω φ C is convex and α e Ω, then Ωn{z: \z-a\ < r} is hyperbolically convex as a subset of Ω for any r > 0. Also, if a is in the exterior of Ω, then this set need not be hyperbolically convex; this is readily seen to be true when Ω is a half-plane. Of course, this result also holds for /:-convex regions. In this section we improve this result for /c-convex regions. We show that a can actually lie in the exterior of Ω, provided there is a restriction on r. First, we consider the case in which δ = kr 2 /{\ + y/l +k 2 r 2 ). As in the preceding example, the circles Γ and P are orthogonal. Consider z e Ω\R and let γ be the circular arc through c, z and j(c). Note that j(c) e P since P perpendicular to Γ implies that y(P) = P. In fact, c and j{c) are diametrically opposite on the circle P. Let d be the point in which γ meets Γ. Then it is clear that j(y) = γ since 7 fixes d and interchanges the points c and y(c). The point d divides γ into two subarcs γ\ and ?2, with y\ c i?, 72 C C\i? and 7(72) = JΊ If 5* is the radius of γ, then s > \/k since 7 is inside of Z> and passes through diametrically opposite points of P = dD. Let γ' D γ\ be the subarc of γ from z to c. Proposition 2 implies that γ'\{c} c Ω. Then j(z) G >(/ n γ 2 ) c yi\{c}, so y(z) e Ω. This proves 7*(Ω\i?) c Ω. This inclusion implies that Ω Π R is hyperbolically convex in Ω ([13,
The remaining case δ < kr 2 /(\ + \/l + k 2 r 2 ) can be reduced to the preceding case as follows. Select ko > 0 so that Then k > ko, so Ω is also ko convex. The first part of the proof applied with ko in place of k allows us to conclude that j(Ω\R) c Ω and that Ω Π R is hyperbolically convex.
The example prior to the theorem shows that the inequality between δ and r in the theorem cannot be improved.
7.
Applications to euclidean curvature. In [14, Theorem 2] Minda obtained precise information about the location of the center of the euclidean circle of curvature for a hyperbolic geodesic in a convex region. In particular, the center of curvature always lies in the complement of the region. Now, we determine a sharp relationship between the euclidean curvature and center of curvature for a hyperbolic geodesic in a fc-convex region. THEOREM 6 . Suppose that Ω is a k-convex region, γ is a hyperbolic geodesic in Ω, ZQ G y and the euclidean curvature k (zo,γ) Proof. We start by showing that equality holds when Ω is a disk of radius l/k. In this situation the hyperbolic geodesies are the circular arcs and straight line segments that are orthogonal to the boundary. Suppose γ is a circular arc that is perpendicular to <9Ω. Let a be the center and r the radius of γ and δ = δςι(a). The fact that γ is
The positive root of this quadratic equation is δ = kr 2 /{l+\/l +k 2 r 2 ). Thus, equality does hold for a disk of radius l/k. Now, we establish the inequality in the general case of an arbitrary ^-convex region Ω. There is no harm in assuming that γ is oriented so that fc(zo, y) is positive. From [14, Theorem 2] we know that a e C\Ω. Actually, we will show that if ΓQ is any positively oriented circle through ZQ with radius r 0 , center a § e C\Ω and the same unit tangent as y at z 0 , then ΓQ is not the circle of curvature for γ at ZQ provided δςι(ao) < kr%/(l + Jl + k 2 rfy. Fix such a circle Γ o . Because the preceding inequality is strict, we can choose a strictly larger circle Γ through z 0 with radius r > r 0 , center a e C\Ω and the same unit tangent as γ at z 0 such that δςι(a) < kr 2 /(l + \/l +k 2 r 2 ). Then Theorem 5 implies that j(Ω\R) c Ω, where R = {z: \z -a\ < r} and j denotes reflection in Γ, so [14, Theorem 1] implies k(zo, y) < fc(zo,Γ). Since fc(z o ,Γ) < /c(z o ,Γo), it follows that ΓQ cannot be the circle of curvature for y at ZQ.
Finally, we determine the form of Ω when equality holds. Suppose that Γ is the circle of curvature for γ at z 0 , has center α, radius r and δςι ( [2 -kδ D 
(z)\
Similarly, it is elementary to establish equality in (ii) for D.
Next, we establish (i). Fix z 0 E Ω and set v = VlogAβ(zo). There is nothing to prove if v = 0, so we may assume v Φ 0. Set n = vj\v\ and let γ be a hyperbolic geodesic through ZQ with normal n at z 0 . From [15, Formula 19] and Corollary 1 we have and equality implies Ω is a disk of radius l/k.
Finally, we establish (ii). From Theorem 3 in conjunction with the fact that δςι(z) < l/k, we obtain a <fr (r) a
K K
with equality in the left-hand inequality if and only if Ω is a disk of radius l/k.
Thus, inequality (ii) follows from inequality (i).
Applications to /c-convex mappings.
We now establish some additional results for the family K(k,a). In particular, we obtain a sharp estimate for the second coefficient of a function in K(k, a) and an analytic characterization of the class K(k,a). Then It is well known that if K is the class of normalized convex univalent functions defined in 0, then a normalized holomorphic function belongs to K if and only if for z e D, 1 +Re(z/"(z)//'(z)) > 0. Moreover, whenever this inequality is true, then the stronger inequality
We shall obtain analogs of these results for the family K{k,a). Proof. For z = 0 the inequality in the theorem becomes |/"(0)| < lay/1 -ak. Thus, for z = 0 the theorem reduces to the corollary of Theorem 7. Next, we show that the general case can be reduced to this special situation. Consider any / e K(k, a). The formulas for g f (0) and g"(0) reveal that this inequality is equivalent to that stated in the theorem. All that remains is to determine when equality holds. If f(z) = e~i θ f k {e iΘ z) for some θ e R, then equality holds for z = re~i θ , 0 < r < 1. On the other hand, if equality holds at some point of D, then the proof shows that G, and hence /, maps D onto a disk of radius l/k. Therefore, / must have the form e~wf k {e w z) for some θeR. This implies the desired result. Conversely, assume that the inequality in the corollary holds. Consider the path γ: z = z{t) = re ιt , t e [0,2π]. The euclidean curvature of the path /o γ at the point /(z), z e y, is given by Consequently, k(f(z),fo γ) > k for all z eγ. Proposition 1 implies that /({z: \z\ < r}) is a k-convex region. Because /(D) is an increasing union of ^-convex regions, it is also /c-convex. 
Added in proof.
Professor Wolfram Koepf has pointed out that some of the results of this paper as well as similar results for negtive curvature are contained in the paper, E. Peschl, Uber die Krύmmung von Niveaukurven bei der konformen Abbildung einfachzusammenhάngen-der Gebiete auf das Innere eines Kreises, Math. Ann., 106 (1932) , 574-594.
